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Abstract 
In this paper, the fatigue design of rails in the transition from bridge to abutment is examined. The current fatigue design of rail 
systems is carried out with simplifying assumptions concerning the stresses in the rail. Thus, the determination of a fatigue 
endurance limit is done with stresses based on the Smith-Diagram. By applying this means of design, the assumption is made that 
there are mainly normal stresses in a rail. Those may originate from changes in temperature, accelerating or slowing down of the 
trains as well as bending stresses caused by the passing of trains. Horizontal components of the load (from the train’s sine run, 
lateral shift of bridges or the cant of curves) are not considered in this design format. 
At the same time, specimens in fatigue tests with pulsing vertical loads regularly show unexpected and inexplicable cracks at the 
edge of the rail foot and a huge scatter of the results. In cases of rail breaks the location of the incipient crack is not necessarily in 
the cross section’s area with the largest tensile stresses, but can be shifted to areas of smaller tensile stress (e.g. the edge of the 
rail foot). 
Obviously additional criteria such as the condition of the surface of the rail foot in combination with stresses from warping of the 
section (secondary bending) have more influence on the fatigue performance than estimated before. 
This paper presents an approach to evaluate the importance and priorities of the named influencing factors and criteria on the 
fatigue design of rails by means of fracture mechanics. The focus hereby lies on the rail foot, since in this region of the cross 
section there are no disturbing influences as contact problems or wear. 
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1. Introduction 
This paper is based on the investigations of an AiF FOSTA research project, which has been granted in 2014. 
Participants of the project are the Chair of Metal Structures, the Chair of Concrete Structures and the Chair of Road, 
Railway and Airfield Construction at the Technical University of Munich. 
The aim of the project is to have a closer look at the fatigue of continuously welded railway rails subjected to 
horizontal loads. In the current fatigue design, which is carried out using the EN 1991-2, only normal and bending 
stresses are considered in the design process. But in regions of curves or in the transition from abutment to bridge 
horizontal forces lead to warping and bending around the weak axle of the cross-section. In order to find out more 
about the importance of these additional stresses in the project fracture mechanical approaches are used in order to 
evaluate the importance of these horizontal loads. 
In this paper, first of all the current design concept is described. The influences which are taken into account at 
the moment and those who have been ignored so far are pointed out. As all of the current concepts are to be found in 
the field of fatigue design, it will be described how the transition to fracture mechanical problems can be made and 
how these concepts can lead to an extension of the current design concepts in order to take into account horizontal 
loads. 
2. The current design concept 
In Germany railroad rails are designed to be fatigue resistant. Consequently, the loads they have to bear are so 
small that they can be applied “as often as one likes” during the life cycle (Haibach (2006)). Edel (2015) states from 
his own experience that if a bearing member made from steel does not fail after ʹ ή ͳͲ଺ load cycles of testing it may 
be considered as fatigue resistant on the stress-level tested.  
The before mentioned fatigue tests are also known as Wöhler fatigue tests. According to Kopp (1970), for every 
number of stress cycles N a corresponding fatigue strength ɐୗୡ୦୵ can be determined. In the fatigue strength diagram 
of Smith a link between this fatigue strength and the admissible loads can be found. Kopp (1970) declares that for  
differing minimum stresses ɐ୙ the corresponding live loads ߪொ can be determined with this diagram.  
 
 
Fig. 1. (a) Wöhler curve and (b) Smith diagram according to Kopp (1970). 
In Freystein (2012) an example is shown that illustrates these procedures for the design of rails in the track 
superstructure (figure 2). The example originally was published in Deutsche Bahn (1989). In figure 2 different 
processes are included. The first is the derivation of the Smith-Diagram. Taking into account the material’s tensile 
strength ofɐ୆ ൌ ͻͲͲ, the yield strength of ɐ଴Ǥଶ ൌ Ͷ͹Ͳ and the testing results found on corroded railway 
rails by the chair of Road, Railway and Airfield Construction at Technische Universität München stating that 
ɐୗୡ୦୵ ൌ ʹͲͷ (ɐ୙ ൌ ͷͲሻ, the Smith-Diagram can be drawn. In the presented case the residual stresses 
ɐ୉ ൌ ͺͲ and the stresses resulting from a temperature change of 50 K (ɐ୘ ൌ ͳʹͲሻ can also be found in 
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the diagram. Now the live loads ɐQൌ ͳͷͺ have to be fitted in the diagram leading to the permitted bending 
strength for fatigue ɐୠୈ ൌ ͳ͸Ͳ. Summing up these stresses a total stress of 358 MPa is the outcome. This 
leaves a free stress contingent of ɐ௙௥௘௘ ൌ ͳͳʹ that the rail can bear before reaching its fatigue limit in the given 
constellation. After subtracting 20 MPa for tensile stresses from the bending of the bridges under a passing train, 
a contingent of 92 MPa is left which can be distributed on stresses from rotation and displacement of the bridge’s 
end, thermal expansion of the bridge, starting and breaking of the trains.  
In the suitable code (EN 1991-2 (2012)) it is only stated, that for rails with tensile strength of at least 900 MPa in 
straight tracks or wide curves on macadam superstructure a free tensile stress contingent of 92 MPa is available and 
shall not be exceeded. 
 
 
Fig. 2. Stress shares in the rail foot (60 E2, 900 N/mm²) from Freystein (2012). 
As stated before, all the considerations mentioned above only apply to bending stresses resulting from vertical 
loads and normal stresses in the rail. The horizontal loads affecting the rails are not taken into account. During the 
last few years this has led to a lot of confusion amongst engineers because some bridges in the course of new high-
-speed railway tracks show larger horizontal movements than their older predecessors. The question arose if and 
how these lateral loads shall be included in the loads that have to be covered by the free tensile stress contingent.  
3. Horizontal loads 
As stated in section 2, horizontal loads aren’t yet included in the fatigue design of railway rails. Mainly the 
stresses resulting from the so called “lateral displacement” are missing in the calculation schemes. The term lateral 
displacement describes the displacement of the end of the bridge deck compared to the abutment orthogonal to the 
rails (see also figure 3 for an illustration). As a consequence of these displacements the rail is loaded by additional 
transverse bending and warping. This leads to additional stresses in the rail foot (Schramm (2014)). It is a main 
question of research, how these stresses shall be superposed with stresses from other loads. Ruge at al. (2005) show 
that a simple superposition of loads on bridges leads to conservative results (resulting in larger stresses than in 
reality). Therefore attention has to be paid to how the loads are superposed and which loads are present in specific 
mounting locations (see also figure 4). 
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Fig. 3. Schematic representation of the lateral displacement ȟ݄ by Schramm (2014). 
 
Load component Location 
Straight track Curve Transition bridge – 
abutment 
Train 
Vertical load X X X 
Skew track  X X 
Sine run and eccentric load X X X 
Acceleration / breaking X X X 
Temperature 
Solar radiation X X X 
Convection X X X 
Building 
Thermal expansion   X 
Lateral displacement   X 
Rotation   X 
Substructure X X X 
Rail clamp X X X 
Residual stresses of the rail X X X 
Fig. 4. Combination of the relevant load components for stresses in the rail foot. 
4. Application of fracture mechanics 
At this point it seems self-evident to conduct more Wöhler fatigue tests with different combinations of vertical 
and horizontal loads in order to find out if the free stress contingent should be reduced in presence of horizontal 
loads, or not. Unfortunately, even the standardized fatigue tests that include only vertical loads show unexpected 
failure patterns. For example four-point-bending Wöhler tests didn’t only show cracks from the middle of the rail 
foot (where the largest bending stresses can be found) but also from the corner of the upper part of the rail foot (see 
also figure 5). Considering these pictures it can be concluded that not only the loads play an important role in the 
fatigue crack initiation and failure of the rail. Therefore, fracture mechanics were chosen as the means to describe 
the influences on the cracks. Afterwards, conclusions may be drawn on the fatigue behaviour of the rails. 
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Fig. 5. Different crack locations after Wöhler tests. 
Fracture mechanical methods are based on the assumption that a crack is present. For this crack it can be 
calculated if the crack is large enough to grow under certain loads and also how long it will take until the crack leads 
to the failure of the specimen. The easiest and most commonly used formula to describe the crack growth is the 
PARIS-law: 
ௗ௔
ௗே ൌ ܥ ή ሺοܭሻ௡          (1) 
In this formula da/dN describes the crack growth a after a certain amount of load cycles N. n (often also called m) 
is a material dependent exponent. C depends on the load ratio R and on the material. As C and n are determined 
from the same experiments they are linked (see also Table 1). οܭ describes the stress intensity at the crack tip. This 
factor depends on the geometry of the probe, of the loads applied and on the depth of the crack. The crack growth 
rate da/dN can be written as a function of different parameters (Deutscher Stahlbau-Verband (1996)): 
ௗ௔
ௗே ൌ ݂ሺοܭǡ ܴǡ ܶǡ ܮ݋ܽ݀ǡܯܽݐ݁ݎ݈݅ܽǡ ܩ݁݋݉݁ݐݎݕǡ ǥ ሻ  (2) 
Via Integration of the PARIS-law, the service life of a given probe can be calculated. The limits of this 
integration are given by the geometry, the fracture toughness Kth and the maximal stress intensity factor KIC. 
Thus it can be shown via simulations if a given load series can lead to crack growth and even component failure, 
or not. Figure 4 already shows that a lot of influences have to be taken into consideration in order to conduct 
meaningful simulations. But the outcome of fracture mechanical simulations does not only depend on the stresses 
that are inserted into the calculations. Most of the material properties aren’t independent as well. Figure 6 illustrates 
this fact. As an example it can be seen which influences and resistances are dependent from a change of 
temperature. This poses huge challenges when for example an analysis of the total service lives N (calculated with 
the variables shown in figure 6) is to be conducted. Then N could be considered as the dependent variable that is 
calculated from a choice of independent variables. Unfortunately, figure 6 illustrates that most of the independent 
variables aren’t independent. Those interdependencies pose a lot of problems in statistics. Therefore, a less complex 
example is studied in section 5 in order to get a first insight in the mechanisms. 
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Fig. 6. Dependencies of variables. 
5. Example: SENB3-specimens 
Before the whole lifetime of fracture mechanical rail specimens with varying loads is simulated, approaches to 
determine the significance of given influences have to be developed. In this paper therefore the failure of a three-
-point-bending specimen (SENB3) according to BSI 12108 (2012) is studied. 
Assuming that specimen like the one displayed in figure 7 shall be extracted from the rail foot, because of the 
geometry of the rail foot and the regulations of the standard, only certain ranges of parameters are valid. Now it is to 
be determined if there are parameters where small changes of the parameter cause a huge change in the achieved 
service life N. On the other hand, there might be parameters that change considerably and that don’t really affect N. 
The simulated experiments are conducted like K-increasing-tests. This means that the load is kept constant even if 
the crack is growing.  
The K-factor is calculated using the following two formulae where ߙ ൌ ܽȀܹ with Ͳ ൑ ߙ ൑ ͳǤͲ: 
ܭ ൌ ி஻ௐభ మΤ ݃ሺ
௔
ௐሻ          (3) 
݃ ቀ௔ௐቁ ൌ
଺ఈభ మΤ
ൣሺଵାଶఈሻሺଵିఈሻయ మΤ ൧ ሾͳǤͻͻ െ ߙሺͳ െ ߙሻሺʹǤͳͷ െ ͵Ǥͻ͵ߙ ൅ ʹǤ͹ߙଶሻሿ (4) 
 
Fig. 7. SENB3 specimen according to BSI 12108:2012. 
As variable parameters the specimen height W, the precrack length ap (consisting of the cut notch and the fatigue 
precrack) and the load P have been chosen. The PARIS-parameters C and n are also varied. They depend on the load 
ratio R and the temperature T of the test environment. Thus R and T could be varied indirectly by varying the 
PARIS-parameters. In the following calculations data for C and n at +20 °C and R=0.1 have been chosen. In figure 8 
the dependencies of the variables are shown.  
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Fig. 8. Parameters. 
In this paper, only six combinations of these parameters are presented. In table 1 the different combinations of the 
parameters are given. The first entry is referred to as the standard combination. For the other rows only the varied 
parameter is given. 
For the values of C and n the fact has to be considered, that the values taken from Tóth (1980) are quite old and 
that the original literature could not be accessed by the authors. Therefore the results have to be handled with care, 
as there have been huge advances in steel technology since then. In the FOSTA project presented here these values 
will be measured in recently produced rails (see also section 6). 
Table 1. Parameter combinations for the calculations. 
Name ap [mm] W [mm] P [N] C [ ௠௠௖௬௖௟௘ ቀ
ே
௠௠యȀమቁ
ି௡
] n Reference for 
C and n 
Originally 
published in 
Standard 3 22 3500 ͳǤͺͳʹ͸ ή ͳͲିଵ଼ 4.77 Edel 2015 Schnitzer 2014 
Var1_n=2.67    ͹ǤͶͺ ή ͳͲିଵଷ 2.67 Edel 2015 Tóth 1980 
Var2_n=2.81    ͶǤʹ͵ ή ͳͲିଵଷ 2.81 Edel 2015 Tóth 1980 
Var3_P=4500   4500     
Var4_ap=2.2 2.2       
Var5_W=25  25      
 
As a first attempt to get some insight into the calculations, the graphs given in figure 9 are made. Figure 9a) 
represents an a-N-plot of the cracks calculated. It can be observed, that Var4_ap2.2 starts at a lower value of a 
which was intended by the variation of ap. It can also be seen, that the calculations don’t end at the same value of a. 
This is caused by the calculation algorithm which stops the calculations either at ܽ ൌ ͲǤ͸ ή ܹ or at οܭ ൐ ܭூ஼. In all 
examples the abortion of the calculation is related to the maximal stress intensity factor of ܭூ஼ ൌ ͻͶͺܰȀ݉݉ଷȀଶ 
(derived from Romano et al. (2015)) that was reached by the calculation and thus lead to abortion. In general it can 
be observed, that larger specimens and smaller starter cracks lead to a longer lifetime of the probes. In contrast to 
that observation, larger loads lead to a reduced lifetime. 
In figure 9b) a log-log plot of da/dN-ΔK can be found. This plot can be interpreted as the speed of crack growth 
da/dN at a given stress intensity at the crack tip. In a log-log-plot these graphs appear as straight lines. It can easily 
be seen that only the variation in C and n causes differences in the graphs. The variations in the probe geometry and 
the loads can only be observed in the beginning of the graph with standard C and n. 
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Fig. 9. (a) a-N-plot in linear representation; (b) da/dN-ΔK-plot in log-log-representation. 
In figure 10a) an a-ΔK-plot in linear scale can be seen. The graphs with the largest and smallest crack lengths can 
be matched with the largest probe height and the largest force. The other calculations don’t differ much in their 
graphs. This leads to the conclusion, that the variables in the first factor of formula (3) play a leading role in the 
calculation of crack lengths. For the load P this conclusion is easily made. For the probe height W further 
investigations will be needed, as also the geometry function g from formula (3) depends on W and thus plays its role 
in the calculation. 
Figure 10b) shows a N-ΔK-plot. It can be seen, that the same stress intensity factor at the crack tip can be reached 
after very different lifetimes of the crack. Here also the before mentioned tendencies can be seen. The Variation of C 
and n seems to play a smaller role in the calculation of the service life of a probe than the variation of the geometry 
of the probe or the loads.  
It can be seen from the calculations that an increase of the load of about 20% leads to a reduction of the service 
life of a probe on a third. A reduction of the length of ap from 3 mm to 2.2 mm (27%) leads to a five times longer 
service life. 
 
 
Fig. 10. (a) a-ΔK-plot in linear representation; (b) N-ΔK-plot in linear representation. 
6. Outlook 
In the future course of the project, real experiments with different load levels, R-Ratios and temperatures will be 
carried out. The results obtained there shall be compared with the calculations presented in this paper. This will 
show how reliable predictions made with the crack growth formulae are.  
In order to optimize the service life calculations of real rails, numeric indicators for the importance of certain 
parameters will be searched for. As stated before, the applied load or the detectable length of a starting crack may be 
such parameters. These findings have to be verified with the crack growth formulae that fit for the cracks in the rail 
foot. 
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